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We theoretially analyze a single vortex in a spin polarized 3D trapped atomi Fermi gas near a
broad Feshbah resonane. Above a ritial polarization the Andreev-like bound states inside the
ore beome oupied by the majority spin omponent. As a result, the loal density dierene
at the ore enter suddenly rises at low temperatures. This provides a way to visualize the lowest
bound state using phase-ontrast imaging. As the polarization inreases, the ore expands gradually
and the energy of the lowest bound state dereases.
PACS numbers: 74.20.-z, 03.75.Ss, 05.30.Fk
The ahievement of superuidity in trapped ultra-old
atomi
6
Li gases is a landmark advane in the history of
physis [1℄. This is attained by utilizing a broad Fesh-
bah resonane, whih is used to tune the inter-atomi
interations. By hanging the inverse sattering length
as ontinuously from negative to positive values, a two-
omponent Fermi gas with equal spin populations has
a ground state whih rosses smoothly from Bardeen-
Cooper-Shrieer (BCS) superuidity to a Bose-Einstein
ondensate (BEC) of tightly bound pairs. Of partiu-
lar interest is the unitarity regime near resonane, where
the sattering length diverges (1/as ≃ 0). Sine the
inter-partile spaing is the only relevant length sale,
the Fermi gas exhibits a universal behavior [2℄.
Quantized vorties are a lear-ut onrmation of su-
peruidity, and were demonstrated experimentally by
Zwierlein et al. [1℄. The equilibrium properties of
vorties in a symmetri Fermi superuid at rossover
have been the subjet of intense theoretial studies
[3, 4, 5, 6, 7, 8, 9℄. The Andreev-like bound states,
whih are the fermioni quasipartile exitations loal-
ized in the ore, have been widely disussed [3, 6, 8, 9℄.
These bound states are found to play a key role in the
struture of vorties.
Most reently, Fermi gases with unequal spin popula-
tions have been the subjet of onsiderable experimental
[10, 11℄ and theoretial interest [12, 13, 14, 15, 16, 17, 18℄.
The presene of spin polarization leads to exoti forms of
pairing, suh as breahed pairing [12℄ or Sarma super-
uidity [13℄, phase separation [14℄, and spatially mod-
ulated Fulde-Ferrell-Larkin-Ovhinnikov (FFLO) states
[15℄. An agreement on the true ground state of polar-
ized fermioni superuidity is yet to be reahed. How-
ever, three reent measurements on the density proles of
polarized
6
Li gases [10, 11℄, near a Feshbah resonane,
indiate a paired superuid ore surrounded by the ex-
ess unpaired fermions onsistent with a piture of phase
separation.
Combining spin polarization with a vortex may help to
resolve the issue of the nature of polarized fermion pair-
ing. It is natural to ask how unequal spin populations
aet the vortex struture, and how vortex bound states
evolve as the polarization inreases. This issue arises in
the ontext of pairing and superuidity in many elds of
physis [19℄. It is highly relevant to the ondensed mat-
ter ommunity, where polarized superuidity is reated
by applying a magneti eld. There is now strong exper-
imental evidene for the existene of FFLO states in the
heavy fermion superondutor CeCoIn5 under high elds
[20℄. Strongly interating polarized Fermi gases have also
been under lose srutiny in nulear matter [21℄, neutron
stars [21℄, and high density quark matter [19, 22℄, where
the spin polarization is reated by dierenes between
hemial potentials and/or by mass dierenes between
fermions that form pairs. Polarized vorties of olor su-
peruidity in rotating neutron stars are a possible meh-
anism for observed glithes in pulsar timing [19℄.
Here we investigate the properties of a singly quantized
vortex in polarized atomi Fermi gases at unitarity, in a
ylindrially symmetri trap. Our main results are:
(A) We larify the density proles of both spin ompo-
nents as a funtion of polarization. In addition to phase
separation, the vortex ore suddenly aommodates the
exess majority fermions above a ritial polarization or a
ritial hemial potential dierene, resulting in a rapid
rise of the loal density dierene inside the ore.
(B) The loal fermioni density of states explains the
sudden appearane of an unpaired ore of exess major-
ity atoms at the vortex enter. The Andreev-like bound
states in the ore are oupied when the ritial hemi-
al potential dierene equals the lowest available energy.
This provides a lear visualization of vortex bound states
using phase-ontrast imaging [24℄.
(C) With inreasing polarization, the vortex ore ex-
pands while the lowest bound state energy dereases.
The above results are obtained by numerially solving
the mean-eld Bogoliubov-de Gennes (BdG) equations in
a fully self-onsistent fashion [3, 23℄, assuming a pairing
order parameter that preserves the ylindrial and axi-
ally translational symmetries. Symmetry breaking is also
2possible, i.e., the order parameter may distort ylindri-
ally. This senario merits further study.
Fermi gases of
6
Li atoms near a broad Feshbah reso-
nane are well haraterized using a single hannel model
[25℄. The BdG equations desribing the quasipartile
wave funtions uη (r) and vη (r), with exitation energies
Eη read [3℄:[ H0 − µ↑ ∆(r)
∆∗(r) −H0 + µ↓
] [
uη (r)
vη (r)
]
= Eη
[
uη (r)
vη (r)
]
, (1)
where H0 = −~2∇2/2m + Vext (r), and Vext (r) =
mω2
(
x2 + y2
)
/2 is the transverse trapping potential.
Along the z axis we instead assume free motion over a
length L. To aount for the unequal spin population
Nσ for σ =↑, ↓, the hemial potentials are shifted as
µ↑,↓ = µ ± δµ, leading to dierent quasipartile wave
funtions for the two omponents. However, there is a
symmetry of the BdG equations under the replaement
u∗η↓ (r) → vη↑ (r), v∗η↓ (r) → −uη↑ (r), Eη↓ → −Eη↑. We
an thus retain only uη↑ (r) and vη↑ (r) in Eq. (1), and
keep solutions with both positive and negative energies.
The order parameter ∆(r) and the hemial potentials
µ↑,↓ are determined by self-onsisteny equations for the
gap, ∆(r) = g
∑
η uη (r) v
∗
η (r) f (Eη), and the partile
density of eah omponent: n↑ (r) =
∑
η |uη (r)|2 f (Eη)
and n↓ (r) =
∑
η |vη (r)|2 f (−Eη). These must be
onstrained so that
∫
drnσ (r) = Nσ, where f (x) =
1/
(
ex/kBT + 1
)
is the Fermi distribution funtion, and
g (< 0) is the bare oupling onstant, whih is related to
the s-wave sattering length via the regularization pre-
sription:
(
4π~2as/m
)−1
= 1/g +
∑
k
1/2ǫk.
We solve these equations via a hybrid proedure,
by introduing a high energy ut-o Ec above whih
we use a loal density approximation (LDA) for high-
lying exitation levels. The standard regularization
presription then yields an eetive oupling on-
stant through the self-onsisteny equation ∆(r) =
geff (r)
∑′
η uη (r) v
∗
η (r) f (Eη), where the ut-o summa-
tion
∑′
η is now restrited to |Eη| ≤ Ec. Further details of
this will be given elsewhere. A lear limitation of the pro-
edure is the use of mean-eld fatorizations impliit in
the BdG equations. From earlier work, we expet this to
neglet quantum utuations that alter the ground-state
energy, while remaining qualitatively orret [27℄.
Below the ut-o, we solve the BdG equations by work-
ing in ylindrial oordinates (ρ, ϕ, z) and taking ∆(r) =
∆(ρ)e−iϕ for a singly quantized vortex. Assuming peri-
odi boundary onditions at z = ±L/2, we write, for the
normalized modes, uη (r) = unmkz (ρ) e
imϕeikzz/
√
2πL
and vη (r) = vnmkz (ρ) e
i(m+1)ϕeikzz/
√
2πL with kz =
2πl/L. As a onsequene, the BdG equations deouple
into dierent m and l setors [3℄. Expanding the radial
funtions unmkz (ρ) and vnmkz (ρ) in a basis set of 2D
harmoni osillators, we then solve a matrix eigenvalue
problem in eah setor.
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Figure 1: (Color online). Density proles of the ma-
jority (↑-state, solid lines) and minority (↓-state, dashed
lines) omponents at T = 0.05TF for three typial value
of polarization: p = 0.12 (a), p = 0.35 (b), and
p = 0.75 (). Density dierenes are also plotted in
dotted-dashed lines. All the proles are normalized by
nσ,TF = (1 + β)
−3/5
p
15piNλ/2/
`
6pi2
´
(~/mω)−3/2, whih
is the peak density for a symmetri gas at unitarity. Panel
(d) shows the order parameter proles. The small osillations
at the edge are a nite size eet.
In greater detail, we onsider a gas at unitarity with
the number of total atoms in the range N = N↑ +N↓ =
2×103−4×104. Two harateristi sales may be dened
by onsidering a symmetri ideal Fermi gas at zero tem-
perature. In the LDA analysis this leads to a Thomas-
Fermi (TF) radius ρ0TF = (15πNλ/2)
1/6√
~/mω, and a
Fermi energy EF = (15πNλ/16)
1/3
~ω ≡ kBTF , where
we dene λ = L/ρ0TF as the aspet ratio of the trap.
Throughout this Letter, we alulate results at the Fes-
hbah resonane with 1/as = 0 and use λ = 1 and
Ec ≃ 2EF . We also onsidered oupling onstants in
the BCS regime but observed no signiant hanges. Di-
mensionality eets will be treated elsewhere.
Numerial auray was heked by inreasing Ec up
to 4EF . Due to the high auray of our hybrid ut-o
proedure, the results were found to be essentially in-
dependent of the ut-o energy. We note nally that,
for a symmetri gas at unitarity, universality implies a
TF radius of ρTF = (1 + β)
3/10 ρ0TF , a hemial poten-
tial µ = (1 + β)
3/5
EF , and a maximum order parameter
∆0 = 8 (1 + β)
3/5EF /e
2
[2℄, where BCS theory predits
the universal parameter β ≃ −0.41.
We present in Figs. 1a, 1b and 1 the density prole of
eah omponent, as well as the density dierene δn (r) =
n↑ (r)−n↓ (r), for several polarizations p = (N↑ −N↓) /N
at T = 0.05TF and N = 10
4
. Beause of the uniform dis-
tribution along the z axis, these proles are linked to
the experimentally observed olumn densities in the ax-
ial diretion. Apart from the apparent phase separation
at the edge, the most salient feature of the gures is the
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Figure 2: (Color online). Left panel: entre density dier-
ene as a funtion of polarization at N = 104. Inset shows
the dependene on the hemial potential dierene. Right
panel: ritial polarization and ritial hemial dierene as
a funtion of the number of total partiles.
development of a polarized normal shell inside the vortex
ore above a ertain polarization. This is learly visible
as a prominent peak in the density dierene, of width
about 0.05ρTF . This is observable in the olumn inte-
grated density dierene, whih is diretly measurable
by phase-ontrast imaging [10, 24℄.
The onset of a polarized normal shell at the ore en-
ter is demonstrated by the entral density dierene as
a funtion of the polarization. This is shown in Fig. 2a,
whih represents the most important result of this Let-
ter. At a suiently low temperature, i.e., T = 0.01TF ,
a sudden rise of the enter density dierene appears at
a ritial polarization pc ≃ 0.30. The ritial hemial
potential dierene is δµc ≃ 0.36EF ∼ ∆20/2EF , with a
transition width of around kBT . This transition is there-
fore muh smoother at nite temperature. The ritial
polarization is nearly independent of the overall number
of atoms N , as shown in Fig. 2b for N up to 4 × 104.
We therefore expet that this will apply to urrent ex-
periments, where the typial number of atoms is around
105, and would survive even in the thermodynami limit.
The appearane of this intriguing shell struture is
losely related to the Andreev-like bound states inside
the ore. In the BCS regime, these states are formed by
the spatial variation of the order parameter around the
enter (see, i.e., Fig. 1d), analogous to a potential well
for quasipartiles, of depth ∆0 and of radius equal to the
oherene length ξ = ~vF /∆0. Hene, the onnement of
the well gives rise to disrete bound levels with spaing
of order ~
2/mξ2 = ∆20/2EF [3℄. This qualitative piture
persists in the strongly interating unitarity limit [9℄.
To provide an intuitive explanation of our results, we
alulate the loal density of states (LDOS),
N↑ (r, E) =
∑
η
|uη (r)|2 δ (E − Eη) ,
N↓ (r, E) =
∑
η
|vη (r)|2 δ (E + Eη) . (2)
At low temperature, when integrated over negative en-
ergy, this leads to the density proles nσ (r). In Fig. 3
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Figure 3: (Color online). Loal fermioni density of states of
spin up (solid lines) and spin down (dashed lines) omponents
inside the vortex ore at N = 104 and T = 0.05TF . The thin
line in (a) shows the LDOS at p = 0. Arrows points to the
position at the eetive energy of the lowest bound state.
we show how the LDOS inside the ore evolves with in-
reasing the polarization. A small spetral broadening
of about 0.01EF has been used to regularize the delta
funtion. Without any polarization the LDOS of the two
omponents oinides, leading to a sharp peak loated
at positive energy E0bs ≃ ∆20/2EF , assoiated with the
lowest Andreev-like bound state.
In the presene of spin-polarization the peak in the
density of states shifts in dierent diretions for the two
omponents. To a good approximation, the energy sepa-
ration between the two peaks at the vortex enter equals
2δµ. Thus, in the general ase of a nonzero polarization
one may dene an eetive energy of the lowest bound
state, Ebs, as the midpoint of these two peaks loated
at Ebs ∓ δµ. Therefore, a net density dierene results
preisely when the peak in N↑ (r = 0, E) rosses zero en-
ergy i.e., δµ = Ebs. This results in a bound state for
the majority spin omponent, whih explains why a po-
larized normal shell emerges above a ritial population
hemial potential δµc ∼ E0bs ≃ ∆20/2EF .
Thus, the integrated olumn density dierene is an
indiator of the lowest vortex bound state, and a mea-
surement of the ritial polarization pc gives its energy.
We now onsider the dependene of the vortex ore size
on the polarization. We extrat the ore size from the
superuid density ns (r), dened as a ratio of the urrent
density j (r) = ns (r)vs to the superuid veloity vs =
(~/2mρ) ϕˆ [9℄, where, sine our normal uid solutions are
non-rotating:
j (r) =
i~
mρ
∑
η
[
u∗η∂ϕuηf (Eη) + vη∂ϕv
∗
ηf (−Eη)
]
ϕˆ. (3)
The resulting superuid density proles are plotted in
the inset of Fig. 4a. The ore size may be quantied as
the distane from the vortex ore at whih the superuid
density is 90% of its maximum value, namely, ξ90. From
Fig. 4a, the ore size inreases gradually with inreasing
polarization, and almost doubles at large polarization.
To explain this, note that while a phase separation
ours at any nonzero polarization, only the unpolar-
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Figure 4: (Color online). Vortex ore size (a) and the eetive
energy of the lowest bound state (b) as a funtion of polariza-
tion at N = 104 and T = 0.05TF . The ore size ξ90 at p = 0
is about 2.5k−1F , where kF non-interating Fermi wavelength
at enter. Solid lines are the saling relations as desribed in
the text. Inset shows superuidity density proles.
ized superuid part an form a vortex. Thus, the vortex
ore should expand with a saling of ξ90 ∝ (2N↓)−1/3 ∝
(1− p)−1/3 [9℄. In Fig 4a this saling is plotted by a
solid line, whih ts well with our numerial results. A-
ordingly, one may suspet that the energy of the lowest
bound state will derease as Ebs ∝ 1/ ξ290 ∝ (1− p)2/3.
This is onsistent with the eetive energy of the lowest
bound state shown in Fig. 4b. We expet a phase sepa-
ration into multiple vortex ores in a vortex lattie, as in
urrent non-polarized experiments [1℄.
We have onsidered an aspet ratio λ = 1, whih is
loser to the MIT experimental setup [10℄ than the Rie
experiment (whih has λ = 50 [11℄). In the opposite limit
of λ ≪ 1, an interesting aspet of dimensionality would
arise. Due to strong phase utuations, this quasi-2D
geometry would favor the spontaneous formation of vor-
ties at nite temperature [26℄. As a result, a lattie
of vortex-anti-vortex pairs without phase separation may
emerge as the ground state. In suh a onguration, the
spin polarization would be sustained by a polarized nor-
mal shell inside the vortex ores, analogous to a type-II
superondutor in a magneti eld.
In onlusion, we have analyzed vortex strutures in a
polarized Fermi gas at unitarity. The lowest bound state
will be visible via phase-ontrast imaging, together with
a quantum phase transition at a ritial spin polarization.
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